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I. Scattering Processes in Three-Body System
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Figure: Scattering processes in a three-body system.
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I. Scattering Processes in Three-Body System
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Figure: Binary scattering processes in a three-body system below breakup
threshold \
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Jacobi vectors for three-body system J

Figure: Jacobi coordinates
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I1. Effective Interaction in Two-Body Sector of
the Three-Body System with Coulomb
Interaction

The 3-body Hamiltonian in the center of mass frame:

3
H=Hy+V =-Ag — Ay, + > Va(xa),

a=1

{®q,Ya} is the set of standard mass-weighted Jacobi coordinates:

Lo = \/MbcXa) Ya = y/MabcYa-

V.(x) are two body potentials:

g
)=

{a,b, c} runs over {1,2,3} cyclically. & = 1 throughout.
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I1.1. Two-body sectors

x1| < |y1]

Figure: The configuration of bound state of particles (2,3) as a target and

particle 1 as a spectator
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I1.2. Interactions of particle 1 with particles 2 and 3
in the two-body sector |x1| < |y1|

Multipole expasion of Coulomb interactions:

N4 _ < 04 _
=zl = |Ca1131 + Sa1y1|

v xr ¢
TS z e 2 eaml) o o yve (1) =

22 +1 (|Sa1y1|)l+1

a=2 =0m=

q14a ‘Calwl‘ s

+ O
‘y1‘2’3a1’ !yl Z 918 Py(21-91) (ly1]™°)

Result:
Alx1,7 B
Vot Vs~ o (;;Jl) O(ly1]™®), |y1| = o
Y1 [y

4
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I1.3. CCE approach to scattering of a charged particle
1 on a bound pair of charged particles 2,3

The typical approach is the close coupling expansion (CCE) (if
rearrangement process are not taken into account) (Seaton, Burke,
Gailitis...) within R-matrix formalism

CCE for wave function

\Pna ~ ~
(xy,y1) =) #%e(m)%‘(wl, 91), a= LM,

where ¢, is radial wave function of Coulomb bound state with the
energy €, Vo are bispherical harmonics corresponding to the total
orbital momentum L.

Or \If
Y(z1,y1) = Z M

[na)
na L1Y1

A\
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CCE representation of the Schrodinger equation

3
(na|[Ho+Vi+ ) Vo — E] Y |n'd) P _
b=2 n'a! 1y

P2 =FE —¢,

=4 U0+ no|— + ...ln'a"N ¥, =0
dyf " y% no Z ‘ 2 | ) n'a

n'a (1)

.

<_d_2 C  b(ti+1) >

Asymptotic matrix form when y; — oo

@2 C LLh+D)+A _3
+ —+ ——5——-—p° | ®¥(y1) =0O(y
( dy2 " y% (1) (1 )

y
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CCE equations for a long time were the main and ONLY tool for
analyzing scattering of a charged particle on a two-body target bound
by Coulomb potential (e —H, e —He™, e"—H, ...)

Two main features of scattering of charged particles on two-body
Coulomb target:

@ Under threshold resonances
@ Above threshold oscillations (GD = Gailitis, Damburg)

These features are derived from the solution of model CCE equations
within the requirements that the dipole potential matrix A has the
same block structure than the matrix p?, i.e.

p2 ~ p?zdnn’éaa’ A (na|A|na’)5nn/,

i.e. by neglecting dipole coupling of target states with n # n' .

w
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I1I. Dipole interaction in CCE
Gailitis Proc. Phys. Soc., 82:192—-200, 1963

Yakovlev, Gradusov Theor. Math. Phys. 217:2 416-429, 2023

Model CCE equations for e H scattering:

Main consequence of diagonality of A is [A, p?] = 0 and hence the
diagonalizing matrix W such that WT[l;(I; + 1) + A]|W = D,
Dron/al = Gnednaniar commutes with p?, i.e. [W,p?] = 0. This allows
to diagonalize the CCE equations:

2 ¢ D
s+ —+ =& —p? | Wid(y1) =0
(dy% vy ) (w1)

[WT@i(yl)]na = Hz:na (pnyl)ann’éaa’
D= ‘C(‘C + 1)) ‘Cna,n’a’ = Lnaéna,n’a’,

Lna = —1/2+1/1/4+ dpg
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ITI.1 Two possibilities for D:

Q d,, > 0 then with £,,, > 0 two solutions are given by (2)
© there is na such that d,, < 0 then

> if |dpa| < 1/4 the new momenta L, are real, the solutions are
given by (2). For this case the equation

dz C  dpa +

(4t ot o Bhe) WElam) =0 ()
supports finite number of bound states. For full equation (1) where
the coupling between channels with different n are not zero these
bound states transforms into resonances (called as Feshbach
resonances).

» if |dpo| > 1/4 then new momenta are complex
Lne = —1/2 £ 14/|dne| — 1/4, the equation (3) supports infinitely
many bound states accumulating to the threshold ¢, from below.
For full equation (1) where the coupling between channels with
different n are not zero these bound states transforms into seriegyaf.,
resonances accumulating to the thresholds (called as Feshbach ‘m‘
resonances). w
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III. 2 Asymptotic boundary conditions for full CCE
equations (1). Oscillation of cross section when
|dna| > 1/4

Standard boundary conditions for full CCE equations have the form
Yna(y1) ~ H, (Mny PrY1)0nn'bacs — HZ(TImpnyl)Snn’,aa’ (4)

where H;t = Gy £ 1Fy, np = C/(2py) and Spp/aq is S-matrix. Set of
asymptotic solutions (2) provides more sophisticated asymptotic
condition that compensates as y; — oo the diagonal blocks of dipole
coupling matrix:

\Ijna (yl) ~ Wna,a’énn’H[_)n,a, (77;1,) p{n,yl) -
- Z Wna,a” Hz,rna,, (nny pnyl)gnn’,a”a’ . (5)

all

The original S-matrix S then is calculated from renormalized one S by
similarity transformation

S =wJSJtwt.
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Oscillation of cross section when |d,,| > 1/4

If dpno < —1/4 then L, o is complex Lno = —1/2 £ 4y/|dpna| — 1/4 and
the T' matrix p-dependence (¢7' = S — 1)

2Ly o1 .
Thanoae ~ Prn T exp{i28m(L,q) In(p,)},

leads to the specific anomalous cross section oscillations

Onanoas = A+ Bcos[28mL,q In(p,) + @),

which gives rise to an infinite number of oscillations in the cross
section as the energy approaches the threshold from above
(GD oscillations formula 1963).
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ITI.1. Importance of account for the dipole interaction
in practical calculations
S. Yakovlev, V. Gradusov Theor. Math. Phys. 217:2 416-429, 2023

CCE model Ps(n = 2) — p scattering J

d? 1 24.9947 0
dy? 02(y) 0 —22.9947

¥ =0

L ——
S|
N

1
- D + AA+1
l dy? P?(y) ( )
A = diag[4.52441,14.76914), ¥ = [¥1, ¥5]T

o(y) =6awu.ify <6a.u., p(y)=v, ify > 6a.u.
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Figure: Squared ¥, component of wave functions for different values of p:
solid line corresponds to p = 0.006 a;, ! dashed line corresponds to
p=0.02a5".
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IV. Model free formalism for three-body

Coulomb scattering problem

Merkuriev-Faddeev equations (MFE)

(— Dgy — Dy, +Vi(z1) + 2 Vi,(l) - B)Y1(T1,y1) = —V1(s)(¢2 + '903),

)
( = Agy — Dy, +Vo(z2) + 2 Vb(l) - E)%(wz,yz) = -V
)

b£1

b£2

( — Agg — Dyg + Va(z3) + 2 Vb(l) — B )¢3(x3,y3) = —V3(s)<1//1 + ¢2)-

b£3

y

Splitting of Coulomb potential
Va(®) = Va") () + V2 (a)

a(l)(a:) = qbzqc fs(r — R), 6s — smoothed out theta function.
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Stucture of the r.h.s. of MFE
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Asymptotic decoupling of MFE as {z4, y,} — o0

(= 8a =8y +Tale0) + 2 K = B)d(ar,u) =0,
(=822 = 8y + Ta(22) + 2 K = B)a(@a,u) =,
(= 8oy = 24 + Valee) + S 1,7 = B)s(a,ua) =0

1/}a(ma; ya) = Z M\na)

no ZaYa

Asymptotic equation for partial wave of MF component 1,

d? 2,(¢
<——2++M >¢ana —|—Z’)’LO{|ZV )|TL wana =
ayg ya " ba

am
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Asymptotic boundary conditions for MF

Asymptotic waves which take into account full dipole coupling.
Gradusov Yakovlev Theor. Math. Phys. 2024

+ _ [yra00) 1 pre(d) +
Pa(na)(na) Vs Pr') = |Wina)war) + (s Wina)wer) | HL ey (s PrYa)

W,a(O) _ we
(na)(n'e!) 677'77" naa’s

E :a// Aana n'al! LLs’a”a’
W(a‘rf:z))(n’a’) = (1 - 67171') (ma)( ) )

(p2 — p2))

Ea(na)(‘ca(na) + 1) = Qa(na)

da(ne) and W . are eigen values and eigen vectors of the block mat

noo
gy

¢ (el + 1)60401' + A?na)(na’)'
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MF partial wave asymptotic for scattering problem

Standard boundary conditions for MF, incident channel a(n'a/)

wa(na)(ya) ~ Hg_l (nan)panya)énn’daa’ - HZ (nan,panya)sa(na),a(n’a’)
wb(na)(yb) ~ _HZ('r]bn)pbnyb)sb(noc),a(n’a’)

Advanced boundary conditions, incident channel a(n'a’)
"pa(na) (ya) ~ ¢;(na)(n a’)(ya,panl)_
_ z ¢ e (n'a) ya,pan,)S( (n”a")|a(n'a’))

B 38) ~ — 32 By (80 o B (e

nllall

y

=
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V. Ab initio calculation of the scattring problem
ine e p", e e'p” and e He™ systems

@ 3D tree-body MF equations in total orbital momentum
representation

@ Advanced asymptotic boundary conditions, which compensate
long-range Coulomb and dipole interactions

@ Quintic splines expansion of the solution

@ Tensor trick preconditioning procedure for solving discretized
MFE

@ Complex rotation method for 3D Schrodinger equation
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V.1. Calculation of e -H and e -He™
Scattering-Resonances L =0
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Figure: Left: The singlet 1s — 1s, 2s, 3s, 4s cross sections for the e-H
scattering as a function of the incident electron energy. The thresholds are 0,
0.375, 0.444 and 0.469 a.u., respectively. Right: The singlet 1s— 1s, 2s, 3s, 4s
cross sections for the e—He+ scattering as a function of the incident electro i
energy. The thresholds are 0, 1.5, 1.778 and 1.87 5a.u., respectively.
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V.2. ete D system

Gradusov, Roudnev, Yarevsky, Yakovlev J. Phys. B: At. Mol. Opt. Phys.
52(2019) 055202

H(n=1) | Ps(n=1) | H(n=2) | Ps(n=2) | H(n=3)

waves S, p s, p s, p, d

a.u. | -0.4997 | -0.250 | -0.1249 | -0.0625 | -0.0555
eV -13.6 -6.80 -3.40 -1.70 -1.51

Table: Energy thresholds of ete™p binary channels

6 open channels between Ps(n=2) and H(n=3) thresholds.
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Cross sections ee™p

1. 0e+003 T T j
G,R'GDZ Hiz,pa-Hiz,pa
1.0e+002F Pa(2,5)-H(2,5)]
1 0e+001k Ps(13-Ps(1) Hez, e-Hez, ) E
1.0e+000F 3
1.0e-001¢ HcLy-fcty Pe1)-H(Z,p0 I
L B i Hez,so-Ho o |
F Ps(1)-H(1) i i
1.0e-002} _ 5 N
Hid)-Psid) V SRR
Sl e | ity
1.0e-003F o 1
HeLa-Hez, pa
1.0e-004r o 1
HC-Ps(2,)
Ps(1
1.0e-005 O : : !
-0.25 -0.2 -0.15 .1
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Ramsauer effect
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Figure: Ps(1, s)—Ps(1, s) cross section Figure: H(2, s)— H(2, p) cross section
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V.3. Realistic Calculations of Multiconfiguration
Colision in ete™ p system L = 0 via MFE
V. Gradusov, S. Yakovlev, JETP Letters 2024, 119:3, 151-157

o
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GD oscillations in Ps—Ps collision
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Figure: Ps(2s) — Ps(2s) cross section Figure: Ps(2s) — Ps(2p) cross section
for L=0 for L=20
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GD oscillations in Ps—Ps collision
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. ) . . Figure: Antihydrogen formation cross
Figure: Antihydrogen formation cross sections Ps(1)— H(2s) (solid) and

sections Ps(1)— H(1). Ps(1)— H(2p) (dashed line)
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G-D oscillations of Ps — H production cross sections
above H(3) threshold
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Figure: Fig. 5 Antihydrogen formation cross sections Ps(2s)— H(3s) (red),
Ps(2s)— H(3p) (green) and Ps(2s)— H(3d) (blue).
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G-D oscillations in e -H collision
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Figure: H(2s)-H(2s) cross section. Figure: H(2s)-H(2p) cross section.
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V.4. ete"He™ ™ system.

Gradusov, Roudnev, Yarevsky, Yakovlev J. Phys. B: At. Mol. Opt. Phys.
52(2019) 055202
He™(n=1) | He"(n=2) | Ps(n=1) | He"(n=3) | He"(n=4)
waves S, P s, p, d s, p,d,f
a.u. -1.9997 -0.4999 -0.25 -0.2222 -0.1250
eV -54.4 -13.6 -6.80 -6.05 -3.40

Table: Energy thresholds of ete~He™™ binary channels

7 open channels between He' (n=3) and He'(n=4) thresholds.
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Cross sections ete " He™™

1.0e+004 T T I T T '
omar’’ | He*(2)
1.0e+002F : N
: Pel1d-PsCl) | He+(3,s)-He+(3,3)
He+(2,p)-He+(2,5) é Her(2,5)-Het (2,53
1.0e+000r R (2, -Het (2,00 | i
1.0e-002} \ |
Ps(1)-He+(Z, 00
He+(1)-He+ (1) :
M : He+(3,5)-He+(3,p)
1.02-004} § | T
| Her(da-Herc2,p) ,_A—r*'—”’/—f
1.0e-006F : | He+c1)-PsiL) 1
He+(1)-He+(2,5) I :
He+(1)—He+(3,5)
1.0e-008} He™(3) :
: He™(4)
: ! Het(Li-He+i3,d)
: PS(I) e i ‘
1.0e-010 ! L - ! : L !
-0.5 -0.45 0.4 -0.35 0.3  -0.25 0.2 -0.15F g,-0.1
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ete"He™ resonances

| (-0.3705, 0.1294) | (-0.250014, 7.4 - 10~°) | (-0.1856, 0.0393) |

Table: Known resonance energies (E,, I') (in a.u.)

A. Igarashi and I. Shimamura. Phys. Rev. A, 70:012706, 2004

1.0e+004]
gmal’ | He (2)
1.0e+0021 ; ]
PsC1)-PsC1) | {er(3,5)-Het(3,50
M (2 e, ) He+(2,5)-He+ (2,5 -
1.0e+000F Fe+z,p-Het (2. :
1.0e-0021 : e T
H Ps(1)-He+ (2,00
| Mty ”
[T] He+(3,3)-Her (3,p)
1.08-004f ;
© Het(D—Hes (2,1 /—""‘/ﬁ
1.0e-006F : | He+(1)-Ps(1)
e -Het(2,5) !
: Hert (1) —He+C3,5))
1.0e-008 He™(3) 1
; He*(4)
[ Hescdd-Hewes,d)
Ps(1) T }
1.0e-010
-0.5  -0.45 0.4  -0.35 -0.3  -0.25 0.2 -0.15g g5,70.1
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ete"He™ resonances

Process: ‘ not charged ‘ charged
elastic const 1/p?
=vE-F
slow—fast rearrangement 1/p 1/p? P th
fast—slow rearrangement P const
o, ae’

1.0e+004

Ps(1)-Ps(1)

1.0e+002

1.0e+000

1.08-002
1.0e-004
1.08-006 i
y_  He(1)-Ps(D)
1.0e-008 i . . . . .
-0.25 -0.248 -0.246 -0.244 -0.242 g o024

Yakovlev (SPbSU) 3B Scattering 30 September - 4 October 2024



ete"He™ resonances

Complex rotation method applied to the Schrodinger equation: broad
resonances exist!

* | (-0.3704, 0.1297) | (-0.1857, 0.0395)
* * | (-0.3705, 0.1294) | (-0.1856, 0.0393)

Table: Broad resonance in the ete~He™™ system energies (E,, I') (in a.u.)

* Gradusov, Roudnev, Yarevsky, Yakovlev J. Phys. B: At. Mol. Opt.
Phys. 52(2019) 055202
** A. Igarashi and I. Shimamura. Phys. Rev. A, 70:012706, 2004
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VI. Conclusion

@ The induced dipole interaction plays an important role in the
three-body collision processes generating multiple resonances and
specific oscillations of cross sections in Coulomb systems.

o Taking into account the contribution of the dipole interaction
potential into the asymptotic boundary condition is decisive for
correct treatment of the scattering problem in the three-body
Coulomb systems.
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