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Êâàíòîâàÿ ìåõàíèêà è ïðîêëÿòèå ðàçìåðíîñòè

×èñëî ÷àñòèö Ðàçìåðíîñòü çàäà÷è
Ðàçìåðíîñòü
ðåäóöèðîâàííîé
çàäà÷è

1 3 1
2 6 1 � 3
3 9 3 � 6
4 12 6 � 9
· · · · · · · · ·
n 3n (3n-3) � (3n-6)

Êèíåòè÷åñêàÿ ýíåðãèÿ:

T = − ℏ2

2m

n∑
k=1

∆ri



Êâàíòîâàÿ ìåõàíèêà è ïðîêëÿòèå ðàçìåðíîñòè

(−∆+ V − E)Ψ = 0

Ψ ∈ L2(Rn)

Ðàçìåðíîñòü ñåòêè ñêàëèðóåòñÿ
êàê

N ∼ Nn
1

Âû÷èñëèòåëüíûå ðåñóðñû
ðàñòóò ýêñïîíåíöèàëüíî ïî
ðàçìåðíîñòè ïðîáëåìû (÷èñëó
÷àñòèö).



Íåéðîííûå ñåòè

Àôèííîå ïðåîáðàçîâàíèå

Wl(x) =W (l)x+W
(l)
0

Ôóíêöèÿ àêòèâàöèè

z = σ(y)

Ïåðöåïòðîí
P(x;W ) =W2 ◦ σ ◦W1 x

Ìíîãîñëîéíûé ïåðöåïòðîí

NMLP (x;W ) =Wn ◦ σ ◦Wn−1 ◦ . . . ◦ σ ◦W1 x



Íåéðîííûå ñåòè

P (x) ñêîëü óãîäíî òî÷íî àïïðîêñèìèðóåò íåïðåðûâíóþ ôóíêöèþ íà

êîìïàêòíîì ìíîæåñòâå.

Öåëåâîé ôóíêöèîíàë.

Çàäà÷è ðåãðåññèè:

L(W ) =
1

N

N∑
i=1

(NMLP (xi;W )− yi)
2 .

Çàäà÷è êëàññèôèêàöèè:

L(W ) = − 1

N

N∑
i=1

[yi logNMLP (xi;W ) + (1− yi) log(1−NMLP (xi;W ))] .

Îáó÷åíèå:
W = argmin

W
L(W )



Ïðèìåð



Âû÷èñëåíèå ïðîèçâîäíûõ

Ïðîèçâîäíûå ïî ïàðàìåòðàì DWL(W ) è ïðîèçâîäíûå ïî âõîäíûì äàííûì
DxNMLP (x;W ) âû÷èñëÿþòñÿ ïî ôîðìóëå ïðîèçâîäíûõ êîìïîçèöèè ôóíêöèé:

D(F ◦G) = (DF ◦G) DG .

Âðåìÿ âû÷èñëåíèÿ ñðàâíèìî ñî âðåìåíåì âû÷èñëåíèÿ ñàìîé ôóíêöèè.
Ïðîèçâîäíàÿ ñëîÿ:

Dx(σ ◦W ) = Dx(σ(Wx) = σ′(Wx)W



Ìîæíî ðåøàòü äèôôåðåíöèàëüíûå óðàâíåíèÿ!

D - íåêîòîðûé äèôôåðåíöèàëüíûé îïåðàòîð. Äèôôåðåíöèàëüíîå óðàâíåíèå

Df(x) = b

Íåéðîñåòåâàÿ ïîäñòàíîâêà:
f(x) = N (x,W )

Öåëåâîé ôóíêöèîíàë:

L(W ) =
1

N

N∑
i=1

(D N (x,W ) |x=xi − b)2



Óðàâíåíèå Øðåäèíãåðà, ðåøåíèå Ëàãàðèñà



Ðåøåíèå Ëàãàðèñà

Çàäà÷à

(H − EI)Ψ(x) = 0
Ψ(x)|x∈∂Ω = 0

Ïðåäñòàâëåíèå ðåøåíèÿ:

Ψ(x) = ΨW (x) = B(x)P(x;W ),

W � âåñà íåéðîííîé ñåòè.

Îöåíêà ýíåðãèè

EW =
⟨ΨW (x)|H|ΨW (x)⟩
⟨ΨW (x)|ΨW (x)⟩

Îáó÷åíèå:

W = argmin
W

L(W )

L(W ) = ∥(H − EW I)ΨW (x)∥2



Ðåøåíèå Ëàãàðèñà



Îáùèå ïðîáëåìû òðàäèöèîííîãî ïîäõîäà

• Íåâûïóêëàÿ ôóíêöèÿ ïîòåðü, ñëîæíîñòè îïòèìèçàöèè

• Ïðîáëåìà ëîêàëüíûõ ìèíèìóìîâ

• Ïðîáëåìà ïåðåîáó÷åíèÿ

• Ïðîáëåìà âûáîðêè â ïðîñòðàíñòâå áîëüøîé ðàçìåðíîñòè



Ñìåíà ïàðàäèãìû: ãëóáîêîå îáó÷åíèå

Ãëóáîêàÿ ñåòü: ñåòü, ñ ÷èñëîì ñêðûòûõ ñëî¼â áîëüøå äâóõ. Ìíîãîñëîéíàÿ ñåòü
ìîæåò îáëàäàòü ïðåèìóùåñòâàìè:

• Ñëîæíîñòü âîñïðîèçâîäèìîé ôóíêöèè ðàñò¼ò ãåîìåòðè÷åñêè ïî ÷èñëó
ñëîåâ, à ÷èñëî ïàðàìåòðîâ - ëèíåéíî.
https://arxiv.org/abs/1606.05336

• Êîëè÷åñòâî ïàðàìåòðîâ, íåîáõîäèìûõ äëÿ àïïðîêñèìàöèè, ðàñò¼ò ëèíåéíî
ïî ðàçìåðíîñòè çàäà÷è
https://arxiv.org/abs/1905.12882

• Åñòü (íåñòðîãèå) îñíîâàíèÿ ïîëàãàòü, ÷òî âñå ëîêàëüíûå ìèíèìóìû
ýêâèâàëåíòíû
https://arxiv.org/abs/1702.08580



Ãëóáîêîå îáó÷åíèå - ðåøåíèå

• Íåâûïóêëàÿ ôóíêöèÿ ïîòåðü, ñëîæíîñòè îïòèìèçàöèè

• Ïðîáëåìà ëîêàëüíûõ ìèíèìóìîâ

• Ïðîáëåìà ïåðåîáó÷åíèÿ

• Ïðîáëåìà âûáîðêè â ïðîñòðàíñòâå áîëüøîé ðàçìåðíîñòè



Ïàêåòíàÿ îöåíêà öåëåâîãî ôóíêöèîíàëà

Öåëåâîé ôóíêöèîíàë:

L(W) = E
xi∼ρX

R(xi;W)2

Îöåíêà ãðàäèåíòà

∇WL(W) = ∇W E
xi∼ρX

R(xi;W)2

"Ñòîõàñòè÷åñêèé ãðàäèåíò�

∇WLi(W) = ∇WR(xi;W)2

Ïàêåòíàÿ îöåíêà

∇WLm(W) = ∇W E
xi∈Xm

R(xi;W)2

Xm = {x1, x2, ..., xn}, xi ∼ ρX , n - ðàçìåð ïàêåòà



Ïðèìåð: ìíîãîìåðíûé êâàíòîâûé ãàðìîíè÷åñêèé îñöèëëÿòîð



Ñëîæíîñòè

• Ñ ðîñòîì ðàçìåðíîñòè ðàñïðåäåëåíèå òî÷åê êîëëîêàöèé ñòàíîâèòñÿ âñ¼
áîëåå êðèòè÷åñêèì (îáú¼ì øàðà/îáú¼ì êóáà → 0).

• Ñëîæíûå öåëåâûå ôóíêöèîíàëû òðåáóþò îïòèìèçàöèè ãèïåðïàðìåòðîâ.

• Ñòðîãàÿ îöåíêà ôèçè÷åñêèõ íàáëþäàåìûõ âñ¼ ðàâíî òðåáóåò âû÷èñëåíèÿ
ìíîãîìåðíûõ èíòåãðàëîâ, (êâàçè)Monte-Carlo.

• Ïîäáîð îïòèìàëüíîé àðõèòåêòóðû íåéðîííîé ñåòè - èñêóññòâî.



Áëèçêèå íîâûå èäåè

• Ñåòè Êîëìîãîðîâà-Àðíîëüäà (KAN).

• Îïåðàòîðíûå ñåòè (DeepONet).

• Ïðÿìîå âû÷èñëåíèå èíâàðèàíòíûõ ïîäïðîñòðàíñòâ.



https://xkcd.com/1831/



Backup slides



Ïðîáëåìû è ðåøåíèÿ

Ïðîáëåìû ïîäõîäà

1. Ëîêàëüíûå ìèíèìóìû çàòðóäíÿþò ïðèáëèæåíèå êîíêðåòíîãî ñîñòîÿíèÿ.

2. Îáó÷åíèå íåéðîííîé ñåòè òðåáóåò áîëüøèõ âû÷èñëèòåëüíûõ çàòðàò.

3. Ìíîãîìåðíîå èíòåãðèðîâàíèå ñóùåñòâåííî óñëîæíÿåò âû÷èñëåíèå ýíåðãèè.

Ðåøåíèÿ

• Âû÷èñëÿòü íåñêîëüêî � N � ñîñòîÿíèé îäíîé ñåòüþ.

Öåíà ðåøåíèÿ

• Ñëîæíûé öåëåâîé ôóíêöèîíàë:

L(W ) = α
∑N
k=1 Ek + β

∑N
k=1(∥ψk∥ − 1)2 + γ

∑N
k=1

∑
j ̸=k

⟨ψk|ψj⟩
2

⟨ψk|ψk⟩⟨ψj |ψj⟩
+

+ δ
∑N
k=1 r

(b.c.)
k

+ ϵ
∑N
k=1 R

(eq.)
k

+ λ∥W∥2



Íîâûé ïîäõîä: îñíîâíûå òåîðåìû

Îäíîìåðíàÿ çàäà÷à ñàìîñîãëàñîâàííîé ýâîëþöèè.
∂tΨ(t, x) = −HΨ(t, x)

Ψ(0, x) = Ψ(T,x)
Ψ(T,x0)

b(Ψ(t, x))|x∈∂Ω = 0

. (1)

Çäåñü H - ïîëóîãðàíè÷åííûé ñíèçó ñàìîñîïðÿæåííûé îïåðàòîð ñ äèñêðåòíûì
ñïåêòðîì, b îïðåäåëÿåò ñîîòâåòñâóþùèå ãðàíè÷íûå óñëîâèÿ, x0 ∈ Ω \ ∂Ω.

Theorem

Çàäà÷à (1) èìååò íåòðèâèàëüíîå ðåøåíèå òîãäà è òîëüêî òîãäà, êîãäà

Ψ(0, x) = cϕ(x), ãäå c ̸= 0, ϕ(x) � ñîáñòâåííàÿ ôóíêöèÿ H, (H − E)ϕ(x) = 0.



Íîâûé ïîäõîä: îäíî ñîñòîÿíèå

Proof.

1. Ïóñòü Ψ(0, x) = cϕ(x); Ψ(t, x) = ce−Etϕ(x) óäîâëåòâîðÿåò óðàâíåíèþ
ýâîëþöèè. Íà÷àëüíîå óñëîâèå óäîâëåòâîðÿåòñÿ åñëè c = 1

ϕ(x0)
, è c îïðåäåëåíî ñ

òî÷íîñòüþ äî íîðìèðîâêè.
2. Ïóñòü Ψ(t, x) óäîâëåòâîðÿåò (1). Ψ(t, x) =

∑∞
l=1 ale

−Eltϕl(x). Ïóñòü
ñîáñòâåííûå ôóíêöèè íîðìèðîâàíû: ⟨ϕk|ϕl⟩ = δkl. Èç �íà÷àëüíîãî óñëîâèÿ�
ñëåäóåò

∞∑
l=1

ale
−ElTϕl(x0) = e−EkT , k = 1, . . . ,∞ .

Ýòà ñèñòåìà ðàçðåøèìà òîëüêî åñëè äëÿ ëþáûõ l ̸= k al = 0, ÷òî îçíà÷àåò
Ψ(0, x) = ϕk(x)

ϕk(x0)
≡ cϕk(x).



Íîâûé ïîäõîä: ñóùåñòâîâàíèå ðåøåíèÿ äëÿ íåñêîëüêèõ ñîñòîÿíèé

Çàäàäèì íà÷àëüíîå ñîñòîÿíèå êàê ëèíåéíóþ êîìáèíàöèþ ñîñòîÿíèé
îòâå÷àþùèõ ðàçëè÷íûì çíà÷åíèÿì âðåìåíè.
Ðàññìîòðèì {ti}ni=1, ti ̸= ti′ , ti ∈ (0, T ].

∂tΨ(t, x) = −HΨ(t, x)
Ψ(0, x) =

∑n
i=1 αiΨ(ti, x)

b(Ψ(t, x))|x∈∂Ω = 0
. (2)

Theorem

∃ αi: çàäà÷à (2) èìååò ðåøåíèå Ψ(t, x) è äëÿ ∀ t ∈ [0, t] Ψ(t, x) ∈ In(H), In(H)
� n-ìåðíîå èíâàðèàíòíîå ïîäïðîñòðàíñòâî îïåðàòîðà H.



Íîâûé ïîäõîä: ñóùåñòâîâàíèå ðåøåíèÿ äëÿ íåñêîëüêèõ ñîñòîÿíèé


∂tΨ(t, x) = −HΨ(t, x)
Ψ(0, x) =

∑n
i=1 αiΨ(ti, x)

b(Ψ(t, x))|x∈∂Ω = 0
.

Proof.

Ïîñòðîèì ðåøåíèå ÿâíî. Ψ(t, x) =
∑n

i=1 βie
−Eitϕi(x) ïðèâîäèò ê ñèñòåìå

óðàâíåíèé íà êîýôôèöèåíòû αi:

n∑
i=1

e−Ejtiαi = 1 , j = 1, . . . , n

Ýòà ñèñòåìà ðàçðåøèìà (íåîáÿçàòåëüíî îäíîçíà÷íî).



Íîâûé ïîäõîä: ïîñòðîåíèå ñîáñòâåííîãî ïîäïðîñòðàíñòâà

Theorem

Ïóñòü Ψ(t, x) - ðåøåíèå çàäà÷è (2). Òîãäà äëÿ ëþáîãî ôèêñèðîâàííîãî t ∈ [0, T ] îíî �
êàê ôóíêöèÿ x � ïðèíàäëåæèò èíâàðèàíòíîìó ïîäïðîñòðàíñòâó In′(H) îïåðàòîðà
H, dim In′(H) = n′ ≤ n.

Proof.

Îáùèé âèä ðåøåíèÿ çàäà÷è Ψ(t, x) =
∑∞

i=1 βie
−Eitϕi(x) ïðèâîäèò ê ñèñòåìå óðàâíåíèé

íà êîýôôèöèåíòû αi:
n∑

i=1

e−Ejtiαi = 1 , j = 1, . . . ,∞

Ýòà ñèñòåìà ðàçðåøèìà òîëüêî åñëè çíà÷åíèå j íå ïðåâûøàåò n.



Áàçîâûé àëãîðèòì

Öåëåâîé ôóíêöèîíàë

L(W ) =
1

N

N∑
k=1

|(∂t +H) ΨW (t, x)|t=tk,x=xk
|2 + 1

N

N∑
k=1

|ΨW (0, xk)− Ψ̄(x)|2

1: Óñòàíîâèòü íà÷àëüíîå ñîñòîÿíèå Ψ̄(x) = Ψ0(x)
2: loop

3: ïðîèçâåñòè øàã îáó÷åíèÿ ñåòè ΨW (ti, x)
4: for i = 1, i ≤ n, i++ do

5: ψi(x) := ΨW (ti, x)
6: end for

7: ïîëîæèòü αi = argmin
αi

∥Ψ0(x)−
∑n

i=1 αiψi(x)∥2

8: Ψ̄(x) :=
∑n

i=1 αiΨi(x)
9: end loop



Some numerical illustrations
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1D
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