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KBanToBast Mexanuka u IIPOKJIATHE PAa3SMEPHOCTHU
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KBanToBast Mexanuka u IIPOKJIATHE PAa3SMEPHOCTHU
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Heitponnnie ceru

Adunnoe npeobpasosanue OyHKINA aKTHBAIIIN
Wi(z) = WOz + W z=0(y)
[TepmenTpon

P(x;W)=WooooWj x

MHOTOCT0fHBI TIEePIEenTPOH

Nyrpp(x;W)=Wyo000W,,_10...000W; x



Heiipounnbie cetn

P(z) ¢KOJIb yTOJHO TOYHO AMIPOKCHMUPYET HEMPePHIBHYIO (DYHKIHIO HA
KOMIIAKTHOM MHOKECTBE.

Henesoii pyHkimona.
3ajiatn perpeccun:
N

> Nuwp(@s W) — i)

i=1

LOW) = <

3aiaun KIaCCUQUKATIIH:
N
1
LW)=-+ > lyilog Narrp(wi; W) + (1 = y;) log(1 = Narrp(wi; W))] -
i=1
Obyuenne:

W = argmin L(W)
W
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Borauciaenue IIPOU3BO/IHBIX

[Ipoussognbie mo mapamerpam Dy L(W) u npou3BojHbIe 0 BXOAHBIM JaHHBIM
Dy Nyrpp(z; W) Beraucasiores mo bopMyJie TPOU3BOJAHBIX KOMIIOZUIIUY (DyHKITAT:

D(FoG)=(DFoG) DG .

Bpewms Beraucenust CpaBHUMO CO BPEMEHEM BBITHCICHUST CAMON (DYHKITU.
[IpousBomnas caos:

Dy(coW) = Dy(c(Wz) = (Wa)W



Moxkno pemrarh gauddepeniuaibabie ypaBHeHMsi!

D - mexoropsiit quddepennmaibabiit oneparop. JIuddepennnaibiuoe ypasuenue

Df(x)="b
HeiipocereBas momcranoBka
f(@) =N(z,W)
[Menesoit pyukimonan:
N

L) = < (D N (@, W) fas, 1)

i=1



Ypasuenue [Ipeunrepa, pemenue Jlarapuca

Artificial neural network methods in quantum mechanics
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Abstract

In a previous article we have shown how one can employ Arificial Neural Networks (ANNs) in order to solve
non-homogeneous ordinary and partial differential equations. In the present work we consider the solution of eigenvalue
problems for differential and integrodifferential operators, using ANNs, We start by considering the Schridinger equation
for the Morse potential that has an analytically known solution, to test the accuracy of the method. We then proceed with
the Schridinger and the Dirac equations for a muonic atom, as well as with a nonlocal Schridinger integrodifferential
equation that models the n+ a system in the framework of the resonating group method. In two dimensions we consider the
well-studied Henon-Heiles Hamiltonian and in three dimensions the model problem of three coupled anharmonic oscillators.
The method in all of the treated cases proved to be highly accurate, robust and efficient. Hence it is a promising tool for
tackling problems of higher complexity and dimensionality. (€) 1997 Elsevier Science B.V.

PACS: 02.60.Lj; 02.60.Nm; 02.70.Jn; 03.65.Ge
Keywords: Neural networks; Eigenvalue problems; Schrédinger; Dirac; Collocation; Optimization



Pemenne Jlarapuca

Samaua

(H — EI

)V (z
V(@)|pcon =

) =
0
[Ipencrasmenne perenns:

V(z) = Uw(z) = B(x)P(z; W),

W — Beca neiiponnoit ceru.

Ornenka SHEPTHH

(Ww ()| H|w (x))

B = @) [ (@)

Ob6yuenne:

W = argmin L(W)
w

L(W) = |(H - EwI)¥w ()|



Pemenne Jlarapuca
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Fig. 4.
Fig. 4. Ground state of the Henon-Heiles problem (e = 0.99866).

Fig. 5. First excited state of the Henon—Heiles problem (e = 1.990107).
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Fig. 6.

Fig. 6. Second exciled state (degenerate) of the Henon-Heiles problem (¢ = 1.990107).

Fig. 7. Third excited state of the Henon-Heiles problem (e = 2.957225).




O61re npodIeMbl TPASUIUOHHOIO ITOIX01A,

HeBbinykiasi GpyHKIMS IOTEPh, CJ0KHOCTH OINTUMU3AINAN
[Ipobiiema JIOKAJIbHBIX MUHUMYMOB
[Ipobsiema mepeodydeHusI

[Ipobjiema BbIOOPKHK B 1IPOCTPAHCTBE DOJIBIION PAa3MEPHOCTH



Cwmena mapajurMbl: 1IyboOKoe o0y4deHne

[rybokas ceTb: ceTh, ¢ YMCI0M CKPBITBIX CJI0EB Gosblle ABYX. MBOTOCTOMHAS CETh
MOZKET 00J/1a/1aTh IPEUMYIIECTBAMU:
® CJI0yKHOCTD BOCIIPOM3BOIMMOiT (DYHKITHN PACTET FEOMETPUYIECKU TI0 THCTY
CJIO€B, & 9UCJI0 NapaMeTPOB - JIMHEHHO
https://arxiv.org/abs/1606.05336
¢ Koan4yecTBO TapaMeTpoB, HEOOXOIMMBIX JIJIsl alTPOKCHMAIINN, PACTET JUHENHO
110 Pa3MEPHOCTH 331241
https://arxiv.org/abs/1905.12882
¢ Ecrb (HECTpOrue) 0CHOBaHUS MOJIATATH, YTO BCE JIOKAJIBHBIC MUHIMY MBI

9KBUBAJICHTHDBI
https://arxiv.org/abs/1702.08580



['nybokoe obyuenue - perieHue

® [Ipobenma BBIOOPKH B MPOCTPAHCTBE OOJIBINON PA3MEPHOCTH



[TakeTHast oreHka 11€J€BOIo PyHKIIMOHAJIA

enesoit hyuxmmona:

L(W)= E R(z;W)?

Ti~PX

Omnenka rpaauneHTa

VwL(W)=Vw E R(x;W)?

Ti~pPX

"Croxactuyeckuii rpauent:
VwLi(W) = VwR(z; W)?

Ilakernas orenka

VwLn(W) =Vw E R(x;; W)?

Xm ={z1, 22, ..., }, i ~ px, n - pasMep maKera



[Tpumep: MHOrOMepHbBIH KBAHTOBbBIN I'APMOHUYECKUH OCITUJLISITOD

1 2 3 4 5 6 7 8 9
3.5024 | 3.5067 | 3.5092 | 3.5094 | 3.5097
0.0027 | 0.0028

n 0
E, | 1.5000 | 2.5222 | 2.5228 | 2.5252 | 3.5002
Er | 0.0000 | 0.0089 | 0.0091 | 0.0101 | 0.0001 | 0.0007 | 0.0019 | 0.0026

Tabmuna 8: Ouenku suepruit N = 10 cocToannit 1 TpEXMEPHOTO MapMOHUYECKOTO OCITHI-

JIITOPA.
n 0 1 2 3 4 5 6 7 8 9

L, | 2.0000 | 3.0066 | 3.0091 | 3.0127 | 3.0136 | 3.9959 | 3.9990 | 4.0051 | 4.0070 | 4.0075
Ep | 0.0000 | 0.0022 | 0.0030 | 0.0042 | 0.0045 | -0.0010 | -0.0002 | 0.0013 | 0.0018 | 0.0019

Tabnuma 9: To ke, uro u B Tabmuie 8, HO JjIs YeTHIPEXMEPHOIT 3a/1a49H.

n 0 1 2 3 4 5 6 7 8 9
E, | 24994 | 3.4942 | 3.4963 | 3.5000 | 3.5015 | 3.5136 | 4.4941 | 4.4941 | 4.4984 | 4.5123
Eg | -0.0003 | -0.0017 | -0.0010 | -0.0000 | 0.0004 | 0.0039 | -0.0013 | -0.0013 | -0.0004 | 0.0027

Taduma 10: To ke, uro u B Tabimue 8, HO i HATUMEPHOI 3a,/1a9H.



CanoxkHocTu

C pocToM pa3MepHOCTH PACIpE/e/eHIe TOUeK KOJIOKAIUI CTAHOBUTCS BCE
bostee KpuTndecknM (00bEM mapa/obbém Kyba — 0).

Croxueie 1esesbie (DyHKITHOHATBI TPEOYIOT ONTHMH3AINN TUIEPIIapMETPOB.

Crporasi onenka dpusndeckux HabJI0JaeMbIX BCE paBHO TpeOyeT BhIYUC/IEHUS
MHOTOMEPHBIX nHTErpaios, (ksasu)Monte-Carlo.

[Toxbop onTumMa/ibHON APXUTEKTYPHI HEHPOHHONW CETH - UCKYCCTBO.



Binskne nosble nien

¢ Ceru Koumoroposa-Apuosbia (KAN).
® Oueparopubie ceru (DeepONet).

® [Ipsimoe BbIYUC/AEHUE MHBAPUAHTHBIX TOAIIPOCTPAHCTE.



OUR FIELD HAS BEEN
STRUGGLING WITH THIS
PROBLEM FCR YEARS.

R,

STRUGGLE NO MORE!
T'M HERE TO S0LVE.
IT \JITH ALGORITHIMS!

[ 5IX MONTHS LATER:

LWOL, THIS PROBLEM
EiﬁEﬁuy%fﬁD
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https://xkcd.com/1831/
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[Tpobsiembl u pereHust

[Ipobaembr momxoma
1. JlokaJibHbIE MUHUMYMbBI 3aTPY/IHSIOT TPUOJIMKEHNE KOHKPETHOTO COCTOSTHUS.
2. Oby4enue HeipOHHOI ceTu TpebyeT HOIBIINX BRIYUCJIUTETBHBIX 3aTPAT.
3. MuoromepHoe UHTErpUPOBAHUE CYIIECTBEHHO YCI0XKHAET BbIYUC/IEHUE SHEPIUU.
Permrerms
® BLIiuyncagaTh HECKOALKO — N — COCTOAHMI OHOM CeThIO.
[Tena permenns
® CroKHBIH TeeBOi (DYHKITNOHAT:

(P l;)2
LW) = aXi B+ B8 Uvel — D2 +v SRy Sk WJr

b.c. .
+ SRl ) b e R AW 2



Hosblil 110/1X0J1: OCHOBHBIE TE€OPEMbI

OHOoMEpHAsT 33/a1a CAMOCOTIACOBAHHON SBOJTFOTINN.

OV (t,x) = —HU(t, x)
V(0,7) = g : (1)
b(¥(t,2))|pepn =0
3reck H - moyorpaHuYeHHbl CHU3Y CAMOCONPSIKEHHBIN 0MepaTop ¢ JUCKPETHBIM
CIIEKTPOM, b Ompe/iesisieT COOTBETCBYIOIINE IPaHUYHbIe yeaoBus, o € 2\ 0.

Theorem

3adaua (1) umeem nempusuasvroe pewenue mozda u MoAbKo mozda, K02da

U (0,2) = chp(x), ede ¢ # 0, ¢(x) — cobemeennan dynkyus H, (H — E)¢(z) = 0.



HoBblit 1101x0/1; 0JIHO COCTOsIHIE

Proof.

1. Iycte ¥(0,7) = cp(z); U(t,x) = ce Flp(x) ynosmersopsier ypapmennio
ssomonmn. Hawanemoe ycnosue ynoBIeTBOPAETCS €CIM ¢ = Foos, M € ONPENETEHo ¢
TOYHOCTBIO JI0 HOPMUDOBKH.

2. Tlycrs U(t, x) yaosnersopger (1). U(t,z) = > 70, aje~ Filgy (). Mycrn
cobcTBeHHbIE (DYHKIIUN HOPMUPOBAHBL: (P |d;) = 0. VI3 “HagassprOro yeaoBus”
coemyer

(o @]
ZalefEle)l(:Eo) e BT k=1,....00.
=Sl

DTa cucTemMa paSpemHMa TOJBKO €CTU MIst JII0OBIX | # k a; = 0, 970 03Havaer

(0, 2) = ‘f’k(l“ = cgi(a). O




HoBbiit 110/1x0/1: CyliecTBOBaHKE PEIIeHusi JJIsi HECKOJbKUX COCTOsIHMA

Bajia M Ha9aIbHOE COCTOSIHIE KaK JIMHEHHYH KOMOWHAIIUIO COCTOSITHUI
OTBEYAOIIUX PA3JINYHbIM 3HAYCHUAM BPEMEHHU.

n
Pacemorpum {6}, t; # ty, t; € (0,T).

0V(t,x) = —HY(t,x)
U(0,2) =" ¥ (t,z) . (2)
b(U(t, 2))] eo0 =0

Theorem

3 a;: sadaua (2) umeem pewenue W(t,x) u dasn ¥V t € [0,t] V(t,x) € I,(H), I,(H)
— N-MEPHOE UHBAPUAHTHOE nodnpocmpancmeo onepamopa H .



HoBbiit 110/1x0/1: CyliecTBOBaHKE PEIIeHusi JJIsi HECKOJbKUX COCTOsIHMA

OV (t,x) = —HU(t,z)
\P<07x) = Z?:l ai\II(t%x)
b(¥(t,2))]pep0 =0

Proof.

Mocrpony permenne sero. W(t, ) =Y " | Bie Lilg;(x) npusomnT k cucreme
YpaBHEHHH Ha KO3(MDPUITHEHTHI (v;:

n
g e Bitig; =1, j=1,...,n
i=1

Dra cucrema paspemuma (HeodsI3aTeTbHO OHO3HAMHO ). O



Hosbiit 110j1x0/1: mocTpoeHne coOCTBEHHOIO HOAIPOCTPAHCTBA,

Theorem

ITyemov Y (t, z) - pewenue 3adawu (2). Tozda dasn mobozo durcuposarnozo t € [0,T]| ono —

KaK GYHKYUA T — NPUHAOAEHCUN UNBAPUAHIIHOMY nodnpocmpancmey L, (H) onepamopa
H,dim I, (H)=n' <n.

Proof.

O6umit Buy peuenus 3auaau V(t,x) = > oo Bie”Filg;(z) npusoaur x cucreme ypasuenuit

Ha KO(DOUITHEHTHT v, :
n

Ze‘Eitiaizl , j=1,...,00

i=1

Ora cucremMa paspermMa TOJIbKO eCJIH 3HAYEHUE j He MPEBBIIIAeT 1. O



Ba3zosblit ajiropurm

Henesoit pyuknmonat

N N
Z (0 + H) Wy (8, 2)] 1y, oy, |2 Z Uy (0, z) — U(z)[?
Nz N

1: YcramosuTh HagambHoe cocTosame W(z) = Wo(x)
2: loop

3 upoussectu war obyuenus ceru Wy (t;, x)

4: fori=1,i<n,i++ do

5: wl(x) = \Ifw(ti, J})

6: end for

7 nonoxuth o; = argmin||Wo(z) — >o1 | a;t;(z)|?

(627

8: \i/(a:) = Z?:l ai\I/i(a:)
9: end loop



Some numerical illustrations

t=0.067 t=0.115 t=0.200
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