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Resonant two-body forces are shown to give rise to a series of levels in three-particle systems. The
number of suw levels may be very large. Possibility of the existence of such levels in systems of three

a-particles (*“C nucleus) and three 1 (°H) is di

The range of nucleon-nucleon forces 7, is
known to be considerably smaller than the
scattering lengts a. This fact is a consequence of
the resonant character of nucleon-nucleon forces.
Apart from this, many other forces in nuclear
physics are resonant. The aim of this letter is to
expose an interesting effect of resonant forces in
a three-body system. Namely, fora > 7o 2
series of bound levels appears. In a certain case,
the number of levels may become infinite.

Let us explicitly formulate this result in the
simplest.case. Consider three spinless neutral
particles of equal mass, interacting through a
potential gV(7). At certain g = &, two particles
get bound in their first s-state." For values of g
close to gg, the two-particle scattering length a
is large, ‘and it is this region of g that we shall
confine ourself to. The three-body continuum

boundary is shown in the figure by cross-hatching.

The effect we are drawing attention to is the fol-
lowing. As g grows, approaching 8o, three-par-

ticle bound states emerge one after the other. At
g=g, (infinite scattering length) their number is
infinite. As g grows on beyond g,, levels leave
into continuum one after the other (see fig. 1).
The number of levels is given by the equation

z%ln(lal/ro) (n

+All the levels are of the 0* kind; corresponding

wave funcfions are symmetric; the energies
Ey < 1/7‘0 (we use f =m =1); the range of these
bound states is much larger than 7o
We want to stress that this picture is valid for
a > 7,. Three-body levels appearing ata= 7,
or with energies E =~ 1/"0 are not considered.
The physical cause of the effect is in the
emergence of effective attractive long-range
forces of radius a in the three-body system. We
can demonstrate that they are of the l/R2 kind;
R2 - rfﬁ + r%s + rﬁl.‘ This form is valid for R 2

7. Witha— « the number of levels becomes in-
finite ' ractin
with attractive 1/7% potential.

Vitaly Efimov

Efimov Physics (1970) [1]: Nuclear Physics, Atomic Physics.

When one weakens the two-body potentials (supporting a single bound state) the
number of 3-body bound states can increase to infinity! And this happens at the moment

when the two-body bound states disappear.

[1] V. N. Efimov, "Energy levels arising from resonant two-body forces in a three-body system *
Phys. Lett.33, 563 (1970).



First experimental observation in Cs atoms
Kraemer, et.al. Nature (2006)

ol 440[18 March 2006|dei:10.1038/nature04626

LETTERS

Evidence for Efimov quantum states in an ultracold
gas of caesium atoms

T. Kraemer', M. Mark', P. Waldburger’, J. G. Danzl’, C. Chin'?, B. Engeser’, A. D. Lange’, K. Pilch’, A. Jaakkola’,

H.-C. Nager!' & R. Grimm'?
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After a long and continued research, the
Efimov state as the excited state of the

helium trimer, was detected .
[1] M. Kunitski et al. // Science. 2015. V.348. P.551.
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B. Huang et al. “Observation of the Second
Triatomic Resonance in Efimovs Scenario’.

Phys. Rev. Lett., 112 , 190401 (2014). 4



Potential models: PRZ2010 [6] and PRZ2017 [7]
V(R) = Vgo(R) + Vgq(R) + Vyey(R) + Vep (R)

Vo (R) - nonrelativistic Born - Oppenheimer (BO),
V,4(R) - adiabatic correction,

V1 (R) - relativistic correction,

Voep (R) - quantum electrodynamics (QED).

R VBo Vad Vel VQED V

3.0 3767.681(71) 1.387(7) —0.2197(23) 0.0942(2) 3768.94(7)

4.0 292.570(15) 0.1080(32) 0.0324(14) 0.0089(2) 292.719(15)

5.0 —0.4754(65) —0.0075(13) 0.0240(2) —0.001 06(4) —0.460(7)

5.6 —11.0006(2) —0.0090(5) 0.01540(4) —0.001 “’31(2) —10.9955(5)

6.0 —0.6819(23) —0.0072(3) 0.01143(5) —0.001 20(4) —0.6788(23)

7.0 —4.6225(6) —0.003 33(7) 0.005 77(3) —0.000 7—1(3) —4.6208(6)
12.0 —0.16592(2) —0.000 125(1) 0.000 575(2) —0.000 13(3) —0.16560(3)

The computed values of V(R) were —aR PR — (CR) =2
fitted to an analytic function Z 21: ZA; fn(R) R”
=1y n 0

f2n(x) - the Tang-Toennies damping function £ (x) =1 — e~ 2 xk;'k

ay, P;;, and ¢ are adjustable parameters, and the summation limits [M, I, I;, Ny, N{]

[6] Przybytek M., Cencek W., et. al. // Phys. Rev. Lett. 2010. 104. P. 183003.
[7] Przybytek M., Cencek W., et. al. // Phys. Rev. Lett. 2017. 119. P. 123401.



‘He,
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Measurements: ‘]
bond length [2] (R) = 52 + 4 A ’
Estimation of the binding energy and

scattering length: |

gqg = 1.1103 mK
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o
o
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0.4

lsc = 104335 A [2] ™
mK :’ lic = 100*84 A [3] ]

He, Data Ti:Sa laser

0.2

eq = 13213 | e
£d=1.76f8j%§mK [4] 00""2”‘4"'6§,‘A‘é'"1‘0"‘1‘2"‘14
Potential | HFD-B [9] [LM2M2 [10]| TTY[8] |PRZ2010 [6]|PRZ2017 [7]| Exp.[2] | Exp.[2,3] | Exp.[4]
g4, MK | 1.69201 | 1.30936 | 1.32103 | 1.62087 | 1.61768 | 1.1793 | 1.3%925 [1.76+913
Vioc, A | 2.96300 | 2.96950 | 2.97207 | 2.96760 | 2.96763
|Vmin|, K| 10.9480 | 10.9700 | 10.9847 | 10.9966 | 10.9965

[1] F. Luo et. al.// ). Chem. Phys. 98 (1993) 9687.

[2] Grisenti R., Scho_llkopf W., Toennies J.P,, et al. // Phys. Rev. Lett. 2000. 85. P. 2284.
[3] Cencek W., Przybytek M., Komasa J., et al. // J. Chem. Phys. 2012. 136. P. 224303.
[4] S. Zeller, et al. // Proc. Nat. Acad. Sci. 113 (2016) 14651

[6] Przybytek M., Cencek W., Komasa J., Lach G., Jeziorski B., Szalewicz K. // Phys. Rev. Lett. 2010. 104. P. 183003.

[7] Przybytek M., Cencek W., Jeziorski B., Szalewicz K. // Phys. Rev. Lett. 2017. 119. P. 123401.
[8] Tang K.T., Toennis J.P., Yiu C.L. // Phys. Rev. Lett. 1995. 74. P. 1546.

[9] Aziz R.A., McCourt F.R.W., Wong C.C.K. // Mol. Phys. 1987. 61. P. 1487.

[10] Aziz R.A., Slaman M.J. // J. Chem. Phys. 1991. 94. P. 8047-8053.
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n E (K) [1]

24,22 + 0,02

Level 0 | 2
Potential Eo <7> <r2 > E (i) <r2 > E> <r> <r2 >
TT 24.0598 | 3.3329 | 3.3471 | 4.2049 | 4.2849 | 4.3438 | 0.0181 | 12.4793 | 13.8709
HFD-B | 24.3715 | 3.3309 | 3.3452 | 4.4527 | 4.2527 | 43109 | 0.0276 | 11.2127 | 12.2721

0
1 4,405 £ 0,02
2 <0.14

1.0 |-

Table 1. Energy levels of the bound states E,(K), the average radius <i> (A) and the root

mean square radius 1/(;ﬂz > (A) of Ne dimers, calculated with potentials TT [9] and HFD-B [10].

The energies are given in units of K and are relative to the three-body dissociation threshold.
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Fig. The radial wave functions ¢ of the ground and excited states of
neon dimer, calculated with the TT [9] and HFD- B [10] potentials.
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[*1 A.A. Korobitsin, E.A. Kolganova et. al., Physics of Atomic Nuclei, 80, 553 (2017).
[1] A.Wiiest, F.Merkt//J.Chem.Phys.118 (2003) 8807.
[9] K.T. Tang and J.P. Toennies, J. Chem. Phys. 118, 4976 (2003).
[10] R.A. Aziz and M.J. Slaman, J. Chem. Phys. 130, 187 (1989).
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Faddeev differential equations:

Jacobi coordinates x, , y, (a = 1,2,3): {

2 mg m, |/ -
X, = [#] (I'/g _ Fy) v Xp = COS Wgq Xq + SIN Wgy Yo

m[; + my .
Yp = —SIN Wgy Xq + COS Wgy Va
1/2
_ 2mg (mﬁ + my) Lo mgrs +m,r, where coefficients cos wg, and
Yo mg + mg +m, mg +m,, F sinwg, depend only on the

particles masses [2].

The total wave function ¥ of three-body system can be written as the sum of the
Faddeev components:

(X, Y,.) =D F,(x,.Y,)

Faddeev components F, satisfy the following set of equations [1]:

_ 0, ‘Xa‘<C W (X :O
(—AX_E)Fa(Xavya) - {—Va(xa)‘l’(xa,ya), ‘Xa‘>c’ (a,ya)||xa|zc

E — total energy of the system, I/, - interaction potential in the a pair

[1] — Kolganova E.A., Motovilov A.K., Sandhas W. // Physics of Particles and Nuclei. 2009. 40. P. 206.
[2] — L.D. Faddeev, S.P. Merkuriev // Quantum scattering theory for several particles (1993)



Three-dimensional Faddeev differential equations

Faddeev equations in the representation of zero total angular momentum:
(Ho + Vo — E)Fa(anYa» Zg) = —Vg Zﬁia F,B(x,B'yB'ZB)

= x| —lyl gz, = Zaedd
a (0.8 ¥ yCZ yO( ) a xa ya
where the Kinetic energy operator H, is of the form:
0° 02 1 1\ 0 0
H = — — 1 — 2y
0 0x,% 0y,>2 (xaz * ya2> 02, (1=2") 0z,

Asymptotic boundary conditions for the Faddeev component:

VE
F(x,y,z) = @,(x)exp(ipy) ay(z; E) + exp(tl p)A(y/x,z; E),
p—)OO p /2

where ¢, (x) - bound state wave function of the two-body subsystem,
E = E, + p?, E,- two - body bound state energy,

E- energy of the three body system, p = \/x? + y?
ay(z; E) - amplitude of the rearrangement,

A(x/y,z; E) - amplitude decay into three separate particles.

[1] - V.V. Kostrykin, A.A. Kvitsinsky, S.P. Merkuriev // Few-Body Syst. 6 (1989) 97



Faddeev differential equations in the hyperspherical coordinates [1-3]:
(HO +Va _E) Fa(p;)(a» Ha) = _Va Zﬁiapﬁ’(p:)(ﬁigﬁ) (1)
The kinetic energy operator Hy is of the form:

4
Hy = —p~°0,p°0, — ?sin_2 Xo (0, sIn? x4 0, +sin™16, dy_sinb, dg )

where p, x, and 6, are the hyperspherical coordinates expressed through standard
Jacobi variables x, y,, @ = 1,2,3:

(Xe Vo)
XaYa
Xg = | Xal, Ya=1Yal, PE [0, o], {Xa»ga} € [0,7] ® [0, m].

The hyperradius p is invariant in &, whereas the hyperspherical angles are related by:

COS Y3 = COS Wpy COS X + SiN wpy SiN x4 €OS B, for three identical

particles:
Cos Op sin yp = — sin wgy COS Y4 + COS Wpy SiN Y, COS B, sinwg, = +

[1] - V.V. Kostrykin, A.A. Kvitsinsky, S.P. Merkuriev // Few-Body Syst. 6 (1989) 97, COSWpqg = —
[2] - A.A. Kvitsinsky and C.-Y. Hu // Few-Body Syst. 12 (1992) 7,

[3] - V.A. Roudneyv, S.L. Yakovlev, and S.A. Sofianos // Few-Body Syst. 37 (2005) 179.

N | =
Sy



For numerical solution it is suitable to substitute:
bo = p>/?sin y, sin O, F,
The differential operator H, is given by
Hy = —-0; — iz 0% + sin™2 y (95 — cotf 9y +sin"26) + L
) 16
where y = x,, 0 = 0,, x = pcos(xy,/2).

The Faddeev equations (1) in terms ¢, of and the hard-core boundary conditions are
written as [1]:

(Ho + Vo (x) — E) ¢a(p, 2,0) = =Vo ()(P* + P7) ¢u(p, x,0), x > core
(Hy— E) ¢(p,x,0) =0, x<core
and

da(p, x,0) = —(P*+ P7) bo(p, x,0), x = core.

¢ = P ¢y, ¢, = P e, PT(123) =(312), P~(123) = (231)
where P stand for operators of cyclic permutation of particles.

[1] - E.A. Kolganova, A.K. Motovilov, S.A. Safianos // J. Phys.B. 31 (1998) 1279
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Convergence of the neon trimer ground and first excited states energy
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20N e, E(K) |HFD-B[1]| TT[1] [13]¢ [14]¢
E, 74,13 74,07 74,10 74,11
E, 52,44 52,37 52,41 52,43
E, 49,25 49,19 49,23 49,24
Es 45,53 45,49 45,51 45,52
E, 40,37 40,31 40,34 40,35
E. 34,67 34,62 34,65 34,66
E, 32,33 32,27 32,3 32,31
E, 31,54 31,48 31,51 31,52
Eg 27,66 27,61 27,64 27,65
E, 26,20 26,16 26,17 26,18
Eqo 24,95 24,92 24,93 25,02

a — HFD-B potential model used.

[1] A.A. Korobitsin, E.A. Kolganova, Physics of Elementary Particles and Atomic Nuclei, Letters, 14, 971, (2017).
[13] M. Salci, S. B. Levin, N. Elander, and E. Yarevsky, J. Chem. Phys. 129, 134304 (2008).
[14] H. Suno, J. Chem. Phys. 135, 134312 (2011); ibid, J. Phys. B 49, 014003 (2016).



Two-dimensional Faddeev differential equations 4H63

Expanding the Faddeev components F in a series of bispherical harmonics we have

F (X, Y) 5 o
Xy Ao (X, ),

x=|x|, y=ly|, R=x/x, §=yly Fxy)=),
|

The Faddeev differential equations are transformed to the following
partial integro-differential equations

o0° 0 1 1 0, X<C
(_axz_ayz+I(I+1)(F+7)_EJF'(X’W - {—V(x)‘{’,(x,y), X>C

and partial boundary conditions

|:| (X, Y) |x:0: |:| (X,Y) |y:0: 0, Y, (X,Y) |X=C= 0.

The asymptotic boundary condition for a *He; bound state reads as follows

F (%, Y) = Sy ()exp(iyE 25 y) 3 +0(y *2) ]+ exp“ffp)[me)w(pm)],

where E- energy of the three body system, E = ¢, + p?, g4 - two - body bound state energy,

Ya(x) - bound state wave function of the two-body subsystem, p =.,/x% + y?,
a, - amplitude of the rearrangement, A,;(6) - amplitude decay into three separate particles.



The finite - difference approximation

The grid knots were chosen to be the points of intersection of
thearcsp =p;, i =12,..N,andtherays y = x;,j = 1,2,..N,

l

NP 41

Pron® = (Ve i=12,.,N,— N

where N(fp)stands for the number of arcs inside of the core domain and

p; ¢, i=12,..,N*",

i

(p) *
N,—N;F

yi = f(1;) Pﬁp —c? 1=

The nonlinear monotonously increasing function f(7), 0 < 7 < 1, satisfying the conditions
f(0)=0and f(1) =1 was chosen in the form
(A +ayr?
fo) = 1+ar

A typical value of the acceleration a, a> 0, which is satisfactory in ground-state calculations
is a = 0.4 (for py, < 100 A).

The knots y; forj = 1,2,..,N, —Nc(p) were taken according to x;= arctan(y;/c)

The rest knots yx;, j = N, —Nc(p)ﬂ...NX, were chosen equidistantly.



[ ] 2 A
“He, - ground and excited state he/m = 12.11928 KA*
89,1663 (70,52 %)
LM2M2 P E— .
lmax |E0| % |E1| % e -_. : j;: :2
0 89,1663 | 70,52 2,0252 88,86 : j z;
2 121,3880| 96,00 2,2466 98,57 . ,;”0 - 4 =8
4 [125,9546| 99,62 2,2752 99,83 0 .| 1213880 (96,00 %)
6 126,2916| 99,88 2,2780 99,95 . ) : _____ - l'125'9546:(99r62 %)
P | . o -126,2916 (99,88 %)
8 126,3416 | 99,92 | 2,27905 | 100,00 ; -126,3416 (99,92 %)
00 126,4397| 100,00 | 2,27910 | 100,00 200 400 600 800 1000
N-N
Potential |E| * [7]* [11]f [12]F [12] [13]
|Eo| 133,199 132,5 133,0 132,968 | 133,075 | 133,24
HFD-B [6]
|Eq| 2,741 2,74 2,73 2,734 2,742
TTY [5] |Eo| 126,549 125,8 126,4 126,431 | 126,537 | 126,36
|Eq| 2,291 2,28 2,28 2,284 2,292

LM2M2 - Aziz R.A., Slaman M.J. // J. Chem. Phys. 1991. 94. P. 8047-8053.
[5] Tang K.T., Toennis J.P., Yiu C.L. // Phys. Rev. Lett. 1995. 74. P. 1546

[6] Aziz R.A., McCourt F.R.W., Wong C.C.K. // Mol. Phys. 1987. 61. P. 1487.
[7] Motovilov A.K., Sandhas W., Sofianos S.A., Kolganova E.A. // Eur. Phys. J. D. 2001. 13. P. 33.
[11] Roudnev V., Yakovlev S. // Chem. Phys. Lett. 2000. 328. P. 97-106.
[12] Roudnev V., Cavagnero M. // J. Phys. B. 2012. 45. P. 025101.

[13] Stipanovic¢ P., Marki¢ L.V., Boronat J. // J. Phys. B. 2016. 49. P. 185101.

th? /m = 12.12 KA?



“He, - ground and excited state wave function
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“He, - ground and excited state

h? /m = 12.11928 KA?

th2 /m = 12.12 KA?

[7] Motovilov A.K., Sandhas W., Sofianos S.A., Kolganova E.A. // Eur. Phys. J. D. 2001. 13. P. 33.
[11] Roudnev V., Yakovlev S. // Chem. Phys. Lett. 2000. 328. P. 97-106.

[12] Roudnev V., Cavagnero M. // J. Phys. B. 2012. 45. P. 025101.

[14] Aziz R.A., Slaman M.J. // J. Chem. Phys. 1991. 94. P. 8047-8053.

[15] Nielsen E., Fedorov D.V., Jensen A.S. // J. Phys. B. 1998. 31. P. 4085-4105.

[16] Blume D., Greene C.H. // J. Chem. Phys. 2000. 112. P. 8053-8067.

[17] Roudnev V.A., Yakovlev S.L., Sofianos S.A. // Few-Body Syst. 2005. 37. P. 179-196.
[18] Bressanini D. et al. // J. Chem. Phys. 2000. 112. P. 717-722.

[19] Barletta P., Kievsky A. // Few-Body Syst. 2009. 45. P. 123-125.

[20] Salci M. et al. // Intern. J. Quant. Chem. 2007. 107. P. 464-468.

[21] Lazauskas R., Carbonell J. // Phys. Rev. A. 2006. 73. P. 062717(11).

Faddeev equations
Potential | |E]| &

71" | [12]" | [17] [12] [12] [20]" | [21]
LvM2M2 | |Eol | 126,440 | 125,9 | 126,4 | 126,41 | 126,394 | 126,499 | 126,2 | 126,39
[14]  ||Ey| | 2,279 2,28 | 2,271 | 2,271 | 2,271 2,278 2,268

Variational methods ~elEloEitte

Potential | |E| * approach

[16]" [18]" [19] [15]"

LM2M2 | 1Eol | 126,440 | 125,52 | 126,39 | 126,15 125,2

[14] | |E{| | 2,279 2,274 2,269




*He, - ground and excited state oo o 92,963 (70,62%)
-100 F
EGmK B 7.7’:7?”:0
m/ =2
-110 | -/ s
I - /max=6
Potential model| PRZ2010 [3| | PRZ2017 [4] 120 F
_ -126,2598 (95,89%)
Keiaois ‘E()l ‘El| ‘E(Jl |El| 430L ® . =T -130,9869:(99,48%)
a—g— 01—
0 93.023 2.0257| 92.984 2.0218 A -131,5461 (99,91%)
2 126.310 2.3728(126.260 2.3689 e s 7"
6 131.599 2.4235(131.546 2.4189 | //
22+
8 131.670 2.4238(131.620 2.4192| &7 | - 2508 (Br.92%)
_ -2,4123 (99,71%
o0 131.721 2.4239(131.669 2.4193 el -2.4189 Eggggg%%
28| [0
= _/max=2
30} I
= Imax=6
[3] Przybytek M., Cencek W., Komasa J., Lach G., Jeziorski B., o2 [/ . . . . . ] . .
Szalewicz K. // Phys. Rev. Lett. 2010. 104. P. 183003. 200 400 600 800 1000
[4] Przybytek M., Cencek W., Jeziorski B., Szalewicz K. // Phys. N=N,

Rev. Lett. 2017. 119. P. 123401.



The energy of the excited state of helium trimer with respect to the two-
particle threshold |E; —&4| , calculated for different potentials and
experimental results from [2].

Potential | HFD-B [6] | LM2M2 [14] | TTY[5] | PRZ2010 [3] | PRZ2017 [4] | Exp. [2]

|E; — 4] | 1.049 0.972 0,970 0.803 0.802 0.98+0.2

[2] Kunitski M., Zeller S., Voigtsberger J., Kalinin A., Schmidt L.Ph.H., Schoeffler M., Czasch A., Scho”llkopf W., Grisenti
R.E., Jahnke T., Blume D., Doerner R. // Science. 2015. 348. P. 551.

[3] Przybytek M., Cencek W., Komasa J., Lach G., Jeziorski B., Szalewicz K. // Phys. Rev. Lett. 2010. 104. P. 183003.

[4] Przybytek M., Cencek W., Jeziorski B., Szalewicz K. // Phys. Rev. Lett. 2017. 119. P. 123401.
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SHe *He,

For two “He atom the corresponding Faddeev component F;(x3, y3)
is invariant under the permutation of the 1 and 2 particles

H
"o

(_AX _ E) Fa(xar ya) — _Va(xa) qj(a)(xa: Ya); a = 1;3:

where ¥ (x;, y;) and ¥ (x5, y3) denote the total wave function in terms of the
Faddeev components

LIj(l)(3‘51:y1) = Fi(x,y1)
+ F1(c21%1 + 521Y1, —S21%1 + €21Y1)
+ F3(c31X1 + S31Y1, —531X1 + C31Y1)

Y& (x5, ¥3) = F5(x3,¥3)
+ F;1(c13X3 + 513Y3, —S13X3 + €13Y3)
+ F1(cp3X3 + S33¥3, —S23X3 + C23Y3).



As a results we obtain the partial integro-differential equations

82 82 1 1 o
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0. r < c, _

\Dfn)(m, y) =0 a=1,3
r=C
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1 ' 1
\IJ (z 1) :.F,( )(.:'1;:.3/) o+ Z /di; [ia?.l:,”(g:,,,,)(;z’. U, -r]).F,(, )(.;1:'2-_1_(7]).ygl(-r;)) -
0
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1
lll,(:‘ (x.y) =F " (2, y) +Z/dr) h”q ID(L: 1] (;1‘.y.r))F,(,‘l')(;z:lg(?]).ylg(n)) +
0

T Iy (3: 1) (2: 111 (1 Y. ?))F l)(lm(’]) 3/23(”))}-
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Conclusion

Numerical algorithm for solving the two-dimensional differential Faddeev
equations in the hard-core model — has been improved. This algorithm is applied to
study the properties of the “He, and 3He*He, three-atomic systems using recently
constructed realistic potentials. The calculated results we compare with the results
obtained by other authors using different methods and with the experiment.

It is shown that all modern potential models well reproduce the ground and excited
states binding energy of the helium trimer.

It is demonstrated that all modern potentials reproduce well the difference between

the binding energies of the excited helium trimer state and the helium dimer ground
state, although the absolute values of the energies are differ significantly.

Thank you for your attention



